Abstract. The N-jettiness event shape divides phase space into N + 2 regions, each containing one jet or beam. These jet regions are insensitive to the distribution of soft radiation and, with a geometric measure for N-jettiness, have circular boundaries. We give a factorization theorem for the cross section which is fully differential in the mass of each jet, and compute the corresponding soft function at next-to-leading order (NLO). For N-jettiness, all ingredients are now available to extend NLO cross sections to resummed predictions at next-to-next-to-leading logarithmic order.
The measurement of exclusive jet cross sections, where one identifies a certain number of signal jets but vetoes additional jets, is an important aspect of Higgs and new-physics searches at the LHC and Tevatron. Since the relative contributions of various signal and background channels often vary with the number of hard jets in the event, the sensitivity of the search is improved by optimizing the analysis for each separate jet bin. Thus, reliable theoretical calculations of exclusive jet cross sections are essential.
The complication compared to the calculation of an inclusive N-jet cross section, where one sums over additional jets, comes from the fact that the veto on additional jets imposes a restriction on the energetic initial-and final-state radiation off the primary hard partons, as well as the overall soft radiation in the event. This restriction on additional emissions leads to the appearance of large Sudakov double logarithms in perturbation theory. For this reason, the calculation of exclusive jet cross sections is traditionally carried out with parton-shower Monte Carlo programs, where the parton shower allows one to resum the most singular leading double logarithms.
An alternative analytic approach to calculate exclusive jet cross sections is possible using factorization and the methods of soft-collinear effective theory (SCET) [1] . SCET allows one to factorize the N-jet cross section into pieces depending on only one scale and resum the large logarithmic contributions. An advantage of this approach is that the resummation can be carried out to much higher orders than is possible with parton showers. Schematically, the cross section for pp → N jets (plus some nonhadronic final state like a W , Z, or Higgs if desired) can be factorized as
This formula directly applies to observables that implement a veto on additional jets. The hard function H N encodes hard virtual corrections to the underlying partonic 2 → N process, the beam functions B a,b contain the parton distributions and perturbative collinear initial-state radiation from the colliding hard partons, and the jet functions J i describe energetic collinear final-state radiation from the primary N hard partons produced in the collision. The soft function S N describes the soft radiation in the event that couples to the in-and outgoing hard partons. Since the collinear and soft radiation are not separately observable, the soft function is convolved with the beam and jet functions. The veto on additional jets restricts the collinear initial-state radiation, the final-state radiation, and the soft radiation, which means the precise definition of the required beam, jet, and soft functions depends on the veto variable. For the case of an exclusive 0-jet cross section, inclusive beam functions can be obtained by using a simple eventshape variable called beam thrust [2] to veto central jets. This 0-jet cross section has been studied for Drell-Yan production in Ref. [3] and for Higgs production in Ref. [4] . The generalization of beam thrust to processes with N jets On the right we use the geometric measure (E) with Q i = E i for the jets and Q a,b = x a,b E cm for the beams. The first two cases were considered in Ref. [6] .
is N-jettiness, T N , introduced in Ref. [5] . It is defined as
where i runs over a, b for the two beams and 1, . . . , N for the final-state jets, the q i are massless reference momenta for the jets and beams, and the Q i are normalization factors. For the final-state jets we can take q µ i = E i (1, n i ) where E i is the jet energy, and n i is the jet direction. For the initial-state jets we take q µ a,b = x a,b E cm /2 (1, n a,b ) , where x a,b are the momentum fractions of the colliding partons, E cm is the collider center-of-mass energy and n a,b the beam directions. It is convenient to define the dimensionless reference momenta and their invariant productsq
N-jettiness is designed such that in the limit T N → 0 the final state consists of N narrow jets plus two narrow initialstate radiation jets along the beam axis. We can veto events with more than N jets by imposing a cut T N < T cut N ≪ Q i . The use of an event shape for the jet veto makes a resummation of large logarithms to next-to-next-to-leading logarithmic (NNLL) order possible. N-jettiness assigns all particles to one of N + 2 regions, corresponding to the N jets and 2 beams, as seen in Fig. 1 . Thus, T N acts like a jet algorithm and different normalization factors Q i result in different shapes for the jet regions, as discussed in Ref. [6] . In addition the jet regions depend only on the reference vectors q µ i , but not on the distribution of soft radiation. Three interesting choices are shown in Fig. 2 . The invariantmass measure is defined by Q i = Q, where Q 2 is the total invariant mass-squared of the hard interaction. Geometric measure (p T ) is given by Q i = | q iT | for the jets and Q a,b = x a,b E cm for the beams, where | q iT | is the transverse momentum of jet i. Geometric measure (E) is like the (p T ) case except that Q i = E i for the jets. This ensures that the jet regions remain of comparable size for jets at different rapidities. For the geometric measure, the x a,b dependence cancels between Q a,b and q a,b , which is useful for the case of missing energy when the x a,b cannot be measured.
We can consider distinct measurements on each of these "jets". The simplest example is T i N , the N-jettiness contribution from each region i, where T N = ∑ i T i N . If the jet direction is chosen to be aligned with the direction of the jet three-momentum, then N-jettiness measures the mass of the jet [6] ,
Such an alignment can be achieved by minimizing geometric N-jettiness to find the jet direction [7] . Our soft-function calculation provides the last missing ingredient to obtain the exclusive N-jet cross section resummed to NNLL for any process where the corresponding SCET hard function at NLO is known from the one-loop QCD calculation. The factorization theorem for the cross section combines all the ingredients together:
where the details of the notation, the running of the different components and the steps of the new calculation for the soft function are given in Ref. [6] . The factorization theorem for N-jettiness features inclusive jet and beam functions. We employ a new calculational approach where we analytically extract the UV divergences by splitting the phase space into hemispheres depending on which Wilson lines the soft gluon attaches to. The so-called "hemisphere contributions" reproduce the anomalous dimension of the soft function as expected from the consistency of the factorization theorem. The remaining "non-hemisphere contributions", which encode the dependence on the boundaries between the regions, are reduced to one-dimensional numerical integrals. The renormalized soft function can be written as
where k i are the soft contributions to T i N . The final result for the renormalized hemisphere contribution is given by
